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EQUIDISTRIBUTION, L-FUNCTIONS, AND SATO-TATE
GROUPS
FRANCESC FITE´
Abstract. In this survey note we present an approach to the generalization
of Serre of the Sato-Tate Conjecture. The reader interested in a complete
account is referred to the original references [Ser68] and [Ser12]. However, the
present note may still be of interest, since we provide a few new examples and
supply references to recent progress developed in this area.
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1. Introduction
Equidistribution questions arise naturally in number theory and arithmetic ge-
ometry. The Dirichlet Theorem on arithmetic progressions, the Cebotarev Density
Theorem, or the Sato-Tate Conjecture are well-known examples of them. In this
survey note we aim to present an approach to a general framework, due to Serre,
where equidistribution questions can be uniformly understood. There is no better
option for the reader than to directly look at the original works [Ser68] and [Ser12].
However, the present note may still be of interest, since we supply references to
recent progress developed in this field, and we have gathered a collection of a few
new examples.
The (classical) Sato-Tate Conjecture concerns the Frobenius distribution of an
elliptic curve E defined over Q without complex multiplication. More precisely, for
each prime p of good reduction for E, define the quantity
ap :=
p+ 1−Np(E)√
p
.
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Here Np(E) denotes the number of points defined over Fp of the reduction of E at p.
Recall that the Hasse-Weil bound asserts that |ap| ≤ 2, and it thus seems a natural
question to ask about the distribution of the normalized trace ap on the interval
[−2, 2]. In 1968, Sato and Tate independently conjectured that the normalized ap’s
are equidistributed on the interval [−2, 2] according to the semicircular measure
1
2π
√
4− z2dz .
This is today known to hold true (see [BLGHT11]).
The generalized Sato-Tate conjecture, as formulated by Serre (see [Ser12] and
[Ser95] for the ℓ-adic and motivic versions respectively), is a vast generalization of
the statement of Sato and Tate, which in particular implies the Dirichlet theorem on
arithmetic progressions and the Cebotarev density theorem, and which provides a
general and conceptual frame in which equidistribution staments of (cohomological)
data attached to arithmetico-geometric objects can be understood. Besides from
the references cited above, it is worth mentioning that many of the features of the
theory are already outlined in a letter [Ser66] from Serre to Borel of 1966.
The content of this note goes as follows. In §2 we first recall the general strat-
egy to prove equidistribution results (see [Ser68]): one first identifies a compact
group in terms of the conjugacy classes of which the equidistribution statement
can be formulated; then one establishes the holomorphicity and nonvanishing at
s = 1 of certain L-functions attached to the nontrivial irreducible representations
of the compact group. In fact, one could add one more step, in the sense that
the holomorphicity and nonvanishing at s = 1 of these L-functions is obtained by
comparing them to the L-functions of a certain family of automorphic forms, for
which the holomorphicity and nonvanishing at s = 1 is known to hold true. Once
the general strategy has been introduced, in §2.4 we analyse four examples where
equidistribution has been proved by means of a successful application of the method
described. We also provide one example where equidistribution is just conjectural.
In §3, we define the Sato-Tate group of a smooth and projective variety and
state the generalized Sato-Tate Conjecture. We thus restrict to a particular case of
[Ser12, Chap. 8], where, more generally, the case of a scheme of finite type over Z
is considered. We then revisit some of the examples of §2 from this perspective.
We review the connection between the Sato-Tate group and the Mumford-Tate
group and we close the section by considering the case of absolutely simple abelian
varieties with complex multiplication. This example illustrates the whole theory
developed in §2 and §3.
In 4, we describe recent results on the classification of Sato-Tate groups for
families of selfdual motives with rational coefficients and fixed weight and Hodge
numbers (such as, for example, abelian surfaces defined over a number field). Much
of the interest in this kind of classifications arised when computational methods
permitted to perform numerical tests of the generalized Sato-Tate Conjecture for
curves of low genus (see [KS09]). We will conclude the section by gathering refer-
ences to several results in this area, that have been obtained in the last years.
Finally, let us just mention that Bucur and Kedlaya (see [BK12]) have used
an effective1 form of the generalized Sato-Tate Conjecture to obtain an interesting
arithmetic application: an effective upper bound for the smallest prime at which
two non-isogenous elliptic curves have distinct Frobenius trace (conjectural to the
generalized Riemann Hypothesis). Despite the beauty of the theory and the range
of possibilities that it offers, we will not say anything else about the effective form
of the generalized Sato-Tate Conjecture in this note.
1By effective, we mean here that there is an effective bound on the asymptotic error term
implicit in any equidistribution statement.
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2. Equidistribution and L-functions
In this section, we first formalize the notion of equidistribution. Then, in the
case of a compact group (our case of interest in all future sections), we show how
equidistribution is connected to the holomorphicity and nonvanishing of certain L-
functions attached to the nontrivial irreducible representations of the group. The
exposition closely follows [Ser68, Chap.I]. This is still the general strategy that one
follows to prove equidistribution results.
2.1. Definition of equidistribution. Let X be a compact topological space and
denote by C(X) the Banach space of continuous, complex valued functions f on
X , with norm ||f || := supx∈X |f(x)|. Let
µ : C(X)→ C
be a Radon measure on X , that is, a continuous linear form on C(X). Sometimes
the integral notation is preferred, and the image µ(f) of f ∈ C(X) by µ is denoted
by
∫
x∈X f(x)µ(x). We require µ to be:
• positive (i.e. if f is real and positive, then so is µ(f)); and
• of total mass 1 (i.e. the image by µ of the constant function equal to 1
is 1).
Definition 2.1. Let {xn}n≥1 be a sequence of points of X . The sequence {xn}n≥1 is
said to be equidistributed over X with respect to µ (or, simply µ-equidistributed)
if for every f ∈ C(X) we have
µ(f) = lim
n→∞
1
n
n∑
i=1
f(xi) .
Note that if {xn}n≥1 is equidistributed with respect to µ, then µ must be positive
and of total mass 1.
2.2. The case of a compact group. Let G be a compact group and let X denote
the set of conjugacy classes of G. Let µ be the Haar measure of G (with µ(G) = 1).
Denote also by µ the push-forward of µ on X , that is, if π : G → X denotes the
natural projection, then define
µ(f) := µ(f ◦ π), for all f ∈ C(X) .
Proposition 2.1. A sequence {xn}n≥1 of elements of X is µ-equidistributed if and
only if for every irreducible nontrivial character χ of G, we have
lim
n→∞
1
n
n∑
i=1
χ(xi) = 0 .
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Proof. It is enough to check
µ(χa) = lim
n→∞
1
n
n∑
i=1
χa(xi) , for every a ∈ A,
where {χa}a∈A is a family of continuous functions on X such that their linear
combinations are dense in C(X). By the Peter-Weyl theorem, the set of irreducible
characters χ of G constitute such a family. The proposition then follows from the
fact that µ(1) = 1 and µ(χ) = 0 if χ is irreducible and nontrivial. 
2.2.1. One application. Let E/Fq be an elliptic curve defined over the finite field
of q = pm elements. For n ≥ 1, define the quantity
aqn :=
qn + 1−Nqn(E)
qn/2
.
Here Nqn(E) denotes the number of points of E defined over Fqn .
Proposition 2.2. If E/Fq is ordinary, then the sequence {aqn}n≥1 is equidis-
tributed on [−2, 2] with respect to the measure
(2.1)
1
π
dz√
4− z2 ,
where dz is the restriction of the Lebesgue measure on [−2, 2].
Proof. Recall that there exists α ∈ C of absolute value q1/2 such that aqn = (αn +
αn)/qn/2. Let U(1) := {u ∈ C∗ |uu = 1} be the unitary group of degree one, that
is, the group of complex numbers of absolute value 1. Since the projection of the
Haar measure of U(1) on the interval [−2, 2] by the map u 7→ z := u + u is the
measure (2.1), it suffices to show that the sequence {αn/qn/2}n≥1 is equidistributed
on U(1) with respect to the Haar measure. Observe that the nontrivial irreducible
characters of U(1) are of the form
(2.2) φa : U(1)→ C∗, φa(u) := ua ,
for some a ∈ Z∗. We conclude by applying Proposition 2.1, after noting that
(2.3) lim
n→∞
1
n
n∑
i=1
αia
qia/2
= lim
n→∞
1
n
αa(n+1)/qa(n+1)/2 − αa/qa/2
αa/qa/2 − 1 = 0 .
Observe that the hypothesis of E being ordinary ensures that α/q1/2 is not a root
of unity, and thus αa/qa/2 − 1 is nonzero for every a ∈ Z∗. 
See [AS12] for analogous results for smooth projective curves C/Fq of arbitrary
genus g ≥ 1 whose Frobenius eigenvalues satisfy a certain neatness condition2 of
multiplicative independence. Zarhin has completely characterized the neat abelian
varieties of dimension g ≤ 3 (see [Zar14]).
2.3. The connection with L-functions. Let P be the set of primes of a number
field F and let S be a finite subset of P . Assume we are given an ordering {pi}i≥1
of P \ S by norm, that is, N(pi) ≤ N(pj) if and only if i ≤ j, where N(p) denotes
the absolute norm of p. Let G be a compact group, X the set of its conjugacy
classes, and {xpi}i≥1 a sequence of elements of X indexed by {pi}i≥1 (we are thus
in the setting of §2.2). As before, let µ denote the Haar measure of G.
2It is precisely the neatness condition what permits to reproduce the computation of (2.3) in
the general case, obtaining a geometric series whose ratio can be guaranteed not to be 1.
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For ̺ : G → GLd(C) a continuous irreducible representation of G, define the
Euler product
(2.4) L(̺, s) :=
∏
i≥1
det(1− ̺(xpi)N(pi)−s)−1
for a complex s ∈ C with ℜ(s) > 1.
Theorem 2.3. For a given sequence {xpi}i≥1 ⊆ X and for any irreducible rep-
resentation ̺ of G, assume that L(̺, s) is meromorphic for ℜ(s) ≥ 1 and has no
zero and no pole in this halfplane except possibly at s = 1. Then, the sequence
{xpi}i≥1 is µ-equidistributed over X if and only if, for every irreducible nontrivial
representation ̺ of G, the Euler product L(̺, s) extends to a holomorphic function
on ℜ(s) ≥ 1 and is nonvanishing at s = 1.
Proof. Let χ denote the character of ̺. We will prove the following claim: L(̺, s)
extends to a holomorphic and nonvanishing function on ℜ(s) ≥ 1 if and only if∑
N(pi)≤n
χ(xpi) = o
(
n
log(n)
)
, n→∞ .
Then the theorem follows from Proposition 2.1 and the Prime Number Theorem
for the number field F , which ensures that the number of pi’s with N(pi) ≤ n is
equivalent to n/ log(n) when n→∞. In order to prove the claim, write
L(̺, s) =
∏
i≥1
d∏
j=1
1
1− λi,jN(pi)−s ,
where λi,j for j = 1, . . . , n are the eigenvalues of ̺(xpi). The logarithmic derivative
of L(̺, s) is
L′(̺, s)
L(̺, s)
= −
∑
i≥1
d∑
j=1
∑
m≥1
λmi,j log(N(pi))
N(pi)ms
= −
∑
i≥1
∑
m≥1
χ(xmpi) log(N(pi))
N(pi)ms
.
Since ∑
i≥1
∑
m≥2
log(N(pi))
|N(pi)ms|
converges for ℜ(s) > 1/2, we can write
(2.5)
L′(̺, s)
L(̺, s)
= F (s) + φ(s) ,
where φ(s) is holomorphic for ℜ(s) > 1/2 and F (s) = −∑i≥1 χ(xpi ) log(N(pi))N(pi)s . By
hypothesis, L(̺, s) is meromorphic for ℜ(s) ≥ 1 and has no zero and no pole except
for (possibly) a zero at s = 1, say of order3−c. Then L′(̺, s)/L(̺, s) is meromorphic
for ℜ(s) ≥ 1 with at most one simple pole at s = 1 with residue c. Since φ(s) is
holomorphic for ℜ(s) > 1/2, (2.5) shows that F (s) is also meromorphic for ℜ(s) ≥ 1
with at most one simple pole at s = 1 with residue c. Then, the Wiener-Ikehara
Theorem applied to F (s) implies that∑
N(pi)≤n
χ(pi) log(N(pi)) = cn+ o(n) , n→∞ .
Finally, the Abel summation trick yields∑
N(pi)≤n
χ(xpi) = c
n
log(n)
+ o
(
n
log(n)
)
, n→∞ ,
3By this we mean that L(̺, s) has a pole (resp. a zero) of order c (resp. −c) at s = 1.
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from which the claim follows. 
2.4. Some known cases and a conjectural example. Throughout this section
F denotes a number field, P its set of primes, and {pi}i≥1 an ordering by norm of
P \ S. We will consider four examples in which:
• we specify G, X , µ, S, and the sequence {xpi}i≥1;
• the nonvanishing L-function condition of Theorem 2.3 is known to be true.
In other words, we consider four examples in which equidistribution of the sequence
{xpi}i≥1 with respect to the Haar measure of G is known to be true. To conclude
we will present a conjectural example.
2.4.1. Cebotarev Density Theorem. Let G be the Galois group of a finite Galois
extension L/F and X the set of conjugacy classes of G. Then µ is just the discrete
measure on X (with masses corresponding to the size of each conjugacy class).
Let S be the set of ramified primes. For p 6∈ S, let xp be the Frobenius element
Frobp ∈ X at p.
A representation ̺ of Gal(L/F ) is called an Artin representation, and one may as-
sociate to ̺ an Artin L-function (see [Neu92, Chap. VII]). If they have dimension 1,
we can identify them, via Artin reciprocity, with unitarized Hecke characters, and
we refer to their associated L-functions by Hecke L-functions. We remark that the
L-function L(̺, s) defined by (2.4) differs from the Artin L-function attached to ̺
in only a finite number of holomorphic and nonvanishing Euler factors.
Theorem 2.4 (Hecke). The Hecke L-function of a nontrivial unitarized Hecke
character is holomorphic and nonvanishing for ℜ(s) ≥ 1.
Proof. See Hecke’s historical reference [Hec20] or [Lan94, Chap. XV]. 
Theorem 2.5. The Artin L-function of an irreducible nontrivial Artin represen-
tation is holomorphic and nonvanishing4 for ℜ(s) ≥ 1.
Proof. By Theorem 2.4, the L-function of a nontrivial unitarized Hecke character
is holomorphic and nonvanishing for ℜ(s) ≥ 1. Brauer’s theorem on induced char-
acters implies that Artin L-functions are products of positive and negative integral
powers of Hecke L-functions. Therefore, Artin L-functions are also holomorphic
and nonvanishing for ℜ(s) ≥ 1. 
Theorems 2.3 and 2.5, imply that the sequence {xpi}i≥1 is equidistributed on X .
Since µ is the discrete measure on X , we recover the Cebotarev Density Theorem.
Corollary 2.6 (Cebotarev Density Theorem). Let c be a conjugacy class of Gal(L/F ).
Then the density of the set of primes p such that Frobp = c is
#c
[L:F ] .
2.4.2. Equidistribution of eigenvalues of algebraic Hecke characters attached to a
quadratic imaginary field K. In this section, we will look at a particular class of
Hecke characters, that is, those that are algebraic and are attached to an imaginary
quadratic field K (throughout this section we have F = K). Reviewing their
connection with CM modular forms, we will see how the Sato-Tate Conjecture for
CM elliptic curves defined over K, follows from Theorem 2.4.
4In fact, Artin’s Conjecture states that the Artin L-function of a nontrivial irreducible Artin
representation is holomorphic on the whole complex plane. Artin proved the conjecture for rep-
resentations of dimension 1, and several cases of dimension 2 with F = Q are also known (see
[KW09, §10]).
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Let N be an ideal of K, and l ≥ 1. Let IN stand for the group of fractional
ideals of K coprime to N. An algebraic Hecke character5 of K of modulo N and
type at infinity l is a homomorphism
(2.6) ψ : IN → C∗
such that ψ(αOK) = αl for all α ∈ K∗ with α ≡× 1 (mod N)6. We extend ψ by
defining it to be 0 for all fractional ideals of K that are not coprime to N. We say
that N is the conductor of ψ if the following holds: if ψ is defined modulo N′, then
N|N′. The L-function of ψ is then defined by
L(ψ, s) :=
∏
p
(1− ψ(p)N(p)−s)−1 ,
where the product runs over all prime ideals of K. Let G be the unitary group
U(1). Since it is abelian, we have X = G and since the Haar measure is invariant
under translations, we have that µ is the uniform measure on U(1). Let S be the
set of primes of K dividing N. Fix an embedding of K in C and for z ∈ C, let
|z| := √zz. Then one has that |ψ(p)| = N(p)l/2. For p 6∈ S, define
xp :=
ψ(p)
N(p)l/2
∈ X = U(1) .
Corollary 2.7. The sequence {xpi}i≥1 is µ-equidistributed on U(1).
Proof. The nontrivial irreducible characters of U(1) are φa : U(1)→ C∗ for a ∈ Z∗
(see the proof of Proposition 2.2). By Theorem 2.3, it is enough to prove that
L(φa, s) is holomorphic and nonvanishing for ℜ(s) ≥ 1. But this is a consequence
of Theorem 2.4, and the fact that a nontrivial power of ψ is again a nontrivial Hecke
character. 
First application: Sato-Tate for CM elliptic curves defined over K. Let E be an
elliptic curve with complex multiplication by a quadratic imaginary field K and
assume that E is defined over K. Let N be the conductor of E. This is an ideal
of the ring of integers of K divisible precisely by the primes at which E has bad
reduction7. A classical result of Deuring ensures the existence of an algebraic Hecke
character ψE of K of conductor N and of type at infinity 1 that is attached to E
by means of the following property.
For every p ∤ N, let ap denote the quantity N(p) + 1 − Np(E), where Np(E)
denotes the number of points defined over the residue field at p of the reduction
of E at p. Then
(2.7) ap = ψE(p) + ψE(p) .
Corollary 2.8. Let E be an elliptic curve with CM by a quadratic imaginary field K
and assume that E is defined over K. Then, the sequence of normalized traces
{api/
√
N(pi)}i≥1 is equidistributed on [−2, 2] with respect to the measure
µcm :=
1
π
dz√
4− z2 .
5Via Artin reciprocity and unitarizing it so that it has image in U(1), we may see ψ as a
character of Gal(L/K), where L is the ray class field of K of modulo N. We thus see that the
notion of Hecke character in this section is compatible with that in §2.4.1.
6For a number field L, an ideal N of the ring of integers of L, and α1, α2 ∈ L∗, we write α1 ≡×
α2 (mod N) if α1 and α2 are multiplicatively congruent modulo N, i.e., if v(α2/α1 − 1) ≥ v(N)
for every discret valuation v of L.
7See for example [Sil94, Chap. IV, §10] for a description of the exponent of each prime in the
factorization of N.
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Proof. Apply Corollary 2.7 to deduce that {xpi}i≥1 is equidistributed on U(1),
where xp := ψE(p)/
√
N(p). We have already seen in §2.2.1 that the projection of
the Haar measure µ of U(1) on the interval [−2, 2] by the trace map is µcm. 
Second application: equidistribution of eigenvalues of CM newforms. Let us denote
by Sk(Γ1(M)) the complex space of weight k cusp forms for Γ1(M). We assume
throughout the section that k ≥ 2. There is a decomposition
Sk(Γ1(M)) =
⊕
ε
Sk(Γ0(M), ε),
where ε : (Z/MZ)∗ → C∗ runs over the characters of (Z/MZ)∗, and Sk(Γ0(M), ε)
denotes the space of weight k cusp forms for Γ0(M) with Nebentypus ε. We say
that
f =
∑
n≥1
an(f)q
n ∈ Sk(Γ1(M), ε) , with q = e2πiz and ℑ(z) > 0 ,
is new if it can not be written as a linear combination of forms of lower levels.
We say that f is normalized if a1(f) = 1. We will use the term newform for a
normalized new eigenform for the action of the Hecke algebra. If f is a newform,
then ap(f) = ap(f)ε(p).
We say that f has complex multiplication (CM) if there exists a Dirichlet char-
acter χ such that ap(f) = χ(p)ap(f) for a set of primes p of density 1. In this case,
one can show that χ is quadratic and attached to a quadratic imaginary field K
(see [Rib77, §3]). It is then also common to say that f has CM by the quadratic
imaginary field K.
We recall a result that states that every CM cusp form comes from an algebraic
Hecke character. This can be seen as a generalization of the result of Deuring seen
in the previous paragraph. Let ∆K denote the absolute value of the discriminant
of K, and χ the quadratic character attached to K.
Theorem 2.9. [Rib77, Cor. 3.5, Thm. 4.5] Let ψ be an algebraic Hecke character
of K of modulo N and type at infinity l. Then fψ :=
∑
a ψ(a)q
N(a), where the sum
runs over integral ideals of K, is an eigenform for the action of the Hecke algebra
of weight l + 1, level ∆KN(N), with CM by K, and Nebentypus χη, where
η : (Z/N(N)Z)∗ → C∗ , η(n) := ψ(nOK)
nl
.
Moreover, fψ is new at this level if and only if N is the conductor of ψ. Conversely,
every new eigenform f ∈ Sk(Γ1(M)) with CM by a quadratic imaginary field arises
from an algebraic Hecke character ψf in this way.
Let f be a newform and let Kf denote the number field obtained by adjoining
to Q the Fourier coefficients an(f). Denote by GQ the absolute Galois group of Q.
As shown by Deligne [Del71], for each prime ideal λ of Kf lying over a prime ℓ,
there is an irreducible 2-dimensional Galois representation
(2.8) ̺f,λ : GQ → GL2(Kf,λ) ,
where Kf,λ is the completion of Kf at λ. For any p ∤ Mℓ, one has the following
fact
(2.9) Characteristic polynomial of ̺f,λ(Frobp) = T
2 − ap(f)T + ε(p)pk−1 .
Here, Frobp denotes an absolute Frobenius element at p. It follows that
(2.10) det(̺f,λ) = εχ
k−1
ℓ ,
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where χℓ is the ℓ-adic cyclotomic character. Let p be a prime of K not dividing
Mℓ. In the case that f has CM by K, the proof of Theorem 2.9 (see [Rib77, Thm.
4.5]) establishes that the characteristic polynomial of ̺f,λ(Frobp) is
(T − ψf (p))(T − ψf (p)) .
Then, (2.10) implies that ψf (p) = ε(N(p))ψf (p). Consider the commutative group
G :=
{(
u 0
0 ζu
)
| ζ ∈ Im(ε), u ∈ C∗, |u| = 1
}
.
Observe that if ε is trivial, G is isomorphic to the unitary group U(1) of degree 1.
Let µ denote the Haar measure of G and observe that G coincides with the set of
its conjugacy classes. Let S be the set of primes of K lying over Mℓ. For every
p 6∈ S, let
xp :=
(
ψf (p)/N(p)
(k−1)/2 0
0 ε(N(p))ψf (p)/N(p)
(k−1)/2
)
∈ X .
Proposition 2.10. The sequence {xpi}i≥1 is µ-equidistributed on X.
Proof. First note that
G ≃ U(1)× Im(ε) and Im(ε) ≃ Gal(Kε/K) ,
where Kε/K is a cyclic extension of order #Im(ε). Thus the nontrivial irreducible
representations of G are φa ⊗ χ, where φa(u) = ua for some a ∈ Z and χ is a
character of Gal(Kε/K) such that either a 6= 0 or χ is nontrivial. By Theorem 2.3,
it is enough to prove that L(φa⊗χ, s) is holomorphic and nonvanishing for ℜ(s) ≥ 1.
But this is a consequence of Theorem 2.4, and the fact that ψaf ⊗ χ is again a
nontrivial Hecke character. 
2.4.3. Equidistribution of eigenvalues of non-CM newforms. Let f ∈ Sk(Γ1(M))
be a newform without complex multiplication. As in the previous section assume
k ≥ 2. Recall that we may attach to it a λ-adic irreducible Galois representation
as in (2.8). Consider the group
(2.11) G :=
{(
a b
−b a
)
| a, b ∈ C, aa+ bb ∈ Im(ε)
}
,
and let µ be its Haar measure. Observe that if ε is trivial, G coincides with the
symplectic unitary group8 USp(2) of degree 2. Let X denote the set of conjugacy
classes of G. In this section F = Q, and S denotes the set of primes dividing Mℓ.
For every p 6∈ S, let xp denote the conjugacy class of X defined by
̺f,λ(Frobp)
p(k−1)/2
.
The fact, that xp defines a conjugacy class in X , follows from (2.9) and the
Ramanujan-Petersson inequality asserting that |ap(f)| ≤ 2p(k−1)/2 (see [Del74,
The´ore`me 8.2]).
Theorem 2.11 (Barnet-Lamb, Geraghty, Harris, Taylor). Let f ∈ Sk(Γ0(M), ε)
be a newform of weight k ≥ 2, level M , and Nebentypus ε : (Z/MZ)∗ → C∗. For
D ≥ 1, let χ : (Z/DZ)∗ → C∗ be a Dirichlet character. Write
f(z) =
∑
n≥1
an(f)q
n, with a1(f) = 1 and q = e
2πiz.
8Note that USp(2) = SU(2), since a unitary matrix of determinant 1 of degree 2 is automatically
symplectic.
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For p ∤M write {αpp(k−1)/2, βpp(k−1)/2} for the roots of
T 2 − ap(f)T + ε(p)pk−1
Then, if f does not have complex multiplication, for m ≥ 1, the Euler product
∏
p∤MD
m∏
i=0
(1− χ(p)αm−ip βipp−s)−1
has meromorphic continuation to the whole complex plane, and is holomorphic and
nonvanishing for ℜ(s) ≥ 1.
Proof. See [BLGHT11, Theorem B]. 
Corollary 2.12. The sequence {xpi}i≥1 is µ-equidistributed on X.
Proof. It is easily checked that the irreducible representations of G are of the form
Symm(C2)⊗χ, where χ is a character of the cyclic group Im(ε). By Theorem 2.3, it
suffices to show that for m ≥ 1, the L-function L(Symm(C2)⊗χ, s) is holomorphic
and nonvanishing for ℜ(s) ≥ 1 (the case m = 0 is covered by Dirichlet’s Theorem).
But this follows from Theorem 2.11, and the following two observations
• Note that by (2.9), if {αpp(k−1)/2, βpp(k−1)/2} are the roots of T 2−ap(f)T+
ε(p)pk−1, then {αp, βp} are the eigenvalues of xp.
• Recall that if e1, . . . , en is a basis for the vector space V , then {ei1 ·...·eim |1 ≤
i1 ≤ i2 ≤ ... ≤ im ≤ n} is a basis of Symm(V ).

Application: The classical Sato-Tate Conjecture for non CM elliptic curves defined
over Q. Let E be an elliptic curve defined over Q without complex multiplication
and with conductor M . For a prime ℓ, let Vℓ(E) denote its ℓ-adic (rational) Tate
module. Attached to E, there is an ℓ-adic representation
(2.12) ̺E,ℓ : GQ → Aut(Vℓ(E)) ,
given by the action of GQ on Vℓ(E). Let S be the set of primes dividing Mℓ,
G := SU(2), µ its Haar measure, and X the set of conjugacy classes of G. For
every p 6∈ S, let
xp :=
̺E,ℓ(Frobp)√
p
.
The Hasse-Weil bound (together with the fact that det(̺E,ℓ) = χℓ) implies that xp
indeed defines a conjugacy class in X . Recall that the Modularity Theorem states
that there exists a newform f ∈ S2(Γ0(M)) with rational coefficients (i.e, with
Kf = Q) such that ̺f,ℓ ≃ ̺E,ℓ.
Corollary 2.13. Let E be an elliptic curve defined over Q without CM. Then, the
sequence of normalized traces {api/
√
pi}i≥1 is equidistributed on [−2, 2] with respect
to the measure
(2.13) µST :=
1
2π
√
4− z2dz .
Proof. By Corollary 2.12, the sequence of {xpi}i≥1 is µ-equidistributed over X .
It is then enough to observe that the projection of the measure µ on the set of
conjugacy classes of SU(2) by the trace map on [−2, 2] is µST. 
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2.4.4. A Cebotarev-Sato-Tate Density Theorem. In §2.4.2 and §2.4.3, we have al-
ready implicitly seen hybrid forms of the Cebotarev Density Theorem and the
Sato-Tate Conjecture in the case that the extension of fields involved is abelian. In
this section, we recall analogous results for general Galois extensions.
Let E be an elliptic curve defined over Q without complex multiplication. Let
F = Q and L/Q be a finite Galois extension. Let G := SU(2) × Gal(L/Q) and
let S be the set of primes made up by ℓ and those primes at which E has bad
reduction or at which L/Q ramifies. For p 6∈ S, denote by xp the conjugacy class
of
̺E,ℓ(Frobp)√
p × Frobp, where ̺E,ℓ is as in (2.12). The Haar measure µ of G is the
product of the Haar measure of SU(2) and the discrete measure on Gal(L/Q). We
still denote by µ its image on the set X of conjugacy classes of G.
Observe that the irreducible representations of G are of the form Symm(C2)⊗̺,
where C2 denotes the standard representation of SU(2), and ̺ is an irreducible
Artin representation of Gal(L/Q).
Theorem 2.14. One has:
i) If m > 0 or ̺ is nontrivial, the L-function L(Symm(C2) ⊗ ̺) is holomorphic
and nonvanishing for ℜ(s) ≥ 1.
ii) The sequence of {xpi}i≥1 is µ-equidistributed.
iii) For any conjugacy class c of Gal(L/Q), the subsequence of {api/
√
pi}i≥1 of
those pi such that Frobpi = c is µST-equidistributed.
Proof. See [MM, Thm. 1]. 
Let E be an elliptic curve with complex multiplication by a quadratic imaginary
field K, and assume that E is defined over K. Let F = K and L/K be a finite
Galois extension. Let G := U(1) × Gal(L/K). Let S be the set of primes made
up by ℓ and those primes at which E has bad reduction or at which L/K ramifies.
For p 6∈ S, let xp be the conjugacy class defined by ψE(Frobp)√
N(p)
× Frobp, where ψE is
as in (2.7). The Haar measure µ of G is the product of the Haar measure of U(1)
and the discrete measure on Gal(L/K). Denote also by µ its image on the set X
of conjugacy classes of G.
Observe that the irreducible representations of G are of the form φa⊗̺, where φa
is as in (2.2), and ̺ is an irreducible Artin representation of Gal(L/k).
Theorem 2.15. One has:
i) If a ∈ Z∗ or ̺ is nontrivial, the L-function L(φa ⊗ ̺) is holomorphic and
nonvanishing for ℜ(s) ≥ 1.
ii) The sequence {xpi}i≥1 is µ-equidistributed.
iii) For any conjugacy class c of Gal(L/K), the subsequence of {api/
√
N(pi)}i≥1
of those pi such that Frobpi = c is µcm-equidistributed.
Proof. One may reduce to the abelian case by following the same strategy as in
[FS14, Prop. 3.6]. 
2.4.5. A conjectural example. Let A be an abelian surface defined over the number
field F . For a prime ℓ, let
̺A,ℓ : GF → Aut(Vℓ(A))
be the ℓ-adic representation attached to A. Let G := USp(4), µ its Haar measure,
and X its set of conjugacy classes. More explicitly, if S2 denotes the symmetric
group on two letters, there is a bijection between [0, π]× [0, π]/S2 and X , obtained
by sending the unordered pair (θ1, θ2) to the conjugacy class of the diagonal matrix
diag(eiθ1 , e−iθ1 , eiθ2 , e−iθ2) .
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If f : [0, π]× [0, π]/S2 → C is a continuous function, then
µ(f) =
8
π2
∫ π
0
∫ π
0
f(θ1, θ2)(cos(θ1)− cos(θ2))2 sin2(θ1) sin2(θ2)dθ1dθ2 .
Let S the set of primes at which A has bad reduction together with ℓ, and for p 6∈ S,
let xp denote the conjugacy class of
̺A,ℓ(Frobp)√
N(p)
.
The fact that xp defines a class of X follows from the Weil Conjectures. The
irreducible representations of G are indexed by integers a ≥ b ≥ 0 and denoted
by Γa,b (see [FH91, Chap. 16]). Via the Weyl Character Formula, they can be
characterized in the following manner. Let {α1, α2, α1, α2} be the eigenvalues of
x ∈ X . If we denote by Jd := Hd(α1, α2, α1, α2), where Hd stands for the dth
complete symmetric polynomial in 4 variables, then if b 6= 0 (resp. b = 0), we have
Tr(Γa,b(x)) = det
(
Ja Ja+1 + Ja−1
Jb−1 Jb + Jb−2
)
(resp. Tr(Γa,0(x)) = Ja) .
The equidistribution of the classes xp is linked to the holomorphicity and nonvan-
ishing for ℜ(s) ≥ 1 of the L-functions L(Γa,b, s) (for (a, b) 6= (0, 0)).
Conjecture 2.16. If EndQ(A) = Z, then the sequence {xpi}i≥1 is µ-equidistributed.
3. The Sato-Tate group and the generalized Sato-Tate Conjecture
In this section, given a smooth and projective variety Y of dimension n over a
number field F and a weight 0 ≤ ω ≤ 2n, we define the Sato-Tate group attached
to Y relative to the weight ω. The reader might have found capricious the choices
of the group G in the examples of §2. The Sato-Tate group provides a uniform
description of these choices of G. The description of the Sato-Tate group comes
along with a general definition of the classes xp that specializes to the ad hoc
definitions given in the examples, and once this is done we are ready to state
the generalized Sato-Tate Conjecture. Both §3.1 and §3.2 follow [Ser12, Chap.8],
where the general case of a scheme Y of finite type over Z (not even separated) is
considered. See [Ser12, Chap.9] and [Kat13] for the relative case Y → T , where T is
an irreducible scheme of finite type over Z such that the residue field of its generic
point has characteristic 0. For the case of abelian varieties, we recall the relation
between the Sato-Tate group and the Mumford-Tate group as described in [BK12].
We end the section by considering the case of absolutely simple abelian varieties
with complex multiplication.
3.1. Definition of the Sato-Tate group. Let F be a number field and let Y be
a smooth and projective variety defined over F . Let S be a finite subset of the
primes of F such that Y has good reduction9 outside of S. Write n := dimY , and
choose an integer 0 ≤ ω ≤ 2n. For any prime ℓ, consider the ωth e´tale cohomology
group Hωet(Y,Qℓ) of Y := Y ×F F . Let m denote its dimension. The action of the
absolute Galois group GF on H
ω
et(Y,Qℓ) yields the ℓ-adic representation
̺ωY : GF → Aut(Hωet(Y,Qℓ)) ⊆ GLm(Qℓ).
For p 6∈ S, let Frob−1p be a geometric Frobenius at p, and define the local factor
of Y at p to be the polynomial
Lp(Y, T ) := det(1 − ̺ωY (Frob−1p )T ;Hωet(Y,Qℓ)) .
9This means that there exists a smooth scheme over Spec(OF ) \ S, whose generic fiber is the
F -scheme Y .
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The Weil Conjectures (see [Del74, The´ore`me 1.6]) state that Lp(Y, T ) has integer
coefficients, and that
Lp(Y, T ) =
m∏
i=1
(1 − αiT ) ,
where the αi’s are N(p)-Weil integers
10 of weight ω. The normalized local factor
of Y at p is defined as
Lp(Y, T ) := Lp(Y,N(p)
−ω/2T ) .
Let Gωℓ be the Zariski closure of ̺
ω
Y (GF ), which we view as a Qℓ-algebraic sub-
group of GLm. Let G
1,ω
ℓ denote the Zariski closure of the image by ̺
ω
Y of the kernel
of the ℓ-adic cyclotomic character χℓ. Choose an embedding ι : Qℓ →֒ C and denote
by G1,ωℓ,ι ⊆ GLm(C) the group of C-points of G1,ωℓ ×ι C.
Definition 3.1. The Sato-Tate group of Y relative to the weight ω is a maximal
compact subgroup of G1,ωℓ,ι . It is a compact real Lie group that we denote by
ST(Y, ω).
Since all maximal compact subgroups of G1,ωℓ,ι are conjugated, ST(Y, ω) is well-
defined up to conjugation. This will be enough for the purposes of equidistribution.
Let Sℓ be the union of S and the set of primes of F lying over ℓ
11.
Definition 3.2. For p 6∈ Sℓ, let xp denote the conjugacy class of ST(Y, ω) corre-
sponding to ̺ωY (Frob
−1
p )
ss⊗ιN(p)−ω/2, where the exponent ss means that we take
the semisimple component.
Observe that since ̺ωY (Frob
−1
p )
ss⊗ιN(p)−ω/2 has determinant 1, it is indeed an
element of G1,ωℓ,ι . Since it is semisimple, and all its eigenvalues have absolute value 1,
it belongs to a compact subgroup. Since all compact subgroups are conjugated
to ST(Y, ω), it is conjugate to an element of ST(Y, ω). And finally, it defines a
conjugacy class of ST(Y, ω), because the natural map Conj(ST(Y, ω))→ Conj(G1,ωℓ,ι )
is injective (see [Ser12, §8.3.3]). Note that it is conjectured that ̺ωY (Frob−1p ) is
semisimple (and it is known if, for example, Y is an abelian variety).
By construction, we have that
det(1− xpT ;Hωet(Y,Qℓ)⊗ι C) = Lp(Y, T ).
3.2. Satement of the conjecture. We can now state the main conjecture. Let
{pi}i≥1 be an ordering by norm of the primes of F not in Sℓ.
Conjecture 3.1 (generalized Sato-Tate). Let X := Conj(ST(Y, ω)) denote the set
of conjugacy classes of ST(Y, ω). Then:
i) The conjugacy class of ST(Y, ω) in GLm(C) and the sequence {xpi}i≥1 ⊆ X
depend neither on the choice of the prime ℓ, nor on the choice of the embed-
ding ι.
ii) The sequence {xpi}i≥1 is equidistributed on X with respect to the projection on
this set of the Haar measure of ST(Y, ω).
3.3. Some examples revisited. We now revisit some of the examples of §2.4.
In each case, we identify a smooth and projective variety Y , and show that the
group G that we considered in §2.4 is precisely the Sato-Tate group of Y (relative
to the appropriate weight).
10This means that for every embedding σ : Q(αi) →֒ C, one has that |σ(αi)| = N(p)
ω/2.
11Note a minor change of notation: the role played by the finite set S in §2.3 will be played in
this section by the finite set Sℓ.
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3.3.1. Weight ω = 0. Let L/F be a finite Galois extension and let Y be the F -
scheme Spec(L). Let S be the set of primes of F ramified in L. Take ω = 0 and ℓ
a prime not in S. Since, in this case, e´tale cohomology is identified with Galois
cohomology, we have an isomorphism of GF -modules
H0et(Spec(L),Qℓ) ≃ H0(GL, L)⊗Qℓ = L⊗Qℓ .12
Therefore we have that m = [L : F ]. Moreover, by taking a normal basis of L/F ,
we see that ̺0Y is identified with the permutation representation of Gal(L/F ) on the
space L⊗ Qℓ. Since ℓ 6∈ S, the image of ̺0Y coincides with the image of the kernel
of the cyclotomic character. Clearly, this image is Zariski closed, and isomorphic to
Gal(L/F ). Extending scalars to C and taking a maximal compact subgroup does
not change anything in this case, so we obtain that ST(Spec(L), 0) is identified with
Gal(L/F ).
The Haar measure of Gal(L/F ) is the discrete measure. For p 6∈ Sℓ, the class xp
is identified with Frob−1p ∈ Conj(Gal(L/F ))13. In this case, the statement of Con-
jecture 3.1 is equivalent to the statement of the Cebotarev Density Theorem (see
Corollary 2.6).
3.3.2. Weight ω = 1. Let Y = A/F be an abelian variety of dimension g. Then
the following well-known isomorphism
Hωet(A,Qℓ) ≃
ω∧
H1et(A,Qℓ) ,
leads to
ST(A,ω) ≃
ω∧
ST(A, 1).14
Therefore, for abelian varieties we will take ω = 1, and we will only consider
ST(A) := ST(A, 1). Let S be the set of primes of bad reduction of A.
The case g = 1 without CM. Let A = E be an elliptic curve defined over the
number field F and assume that is does not have complex multiplication. By Serre’s
open image Theorem (see [Ser72]), G1ℓ (resp. G
1,1
ℓ ) is GSp2/Qℓ (resp. Sp2/Qℓ).
A maximal compact subgroup of Sp2(Qℓ) ⊗ι C is USp(2) = SU(2). Thus we
have that ST(E) = SU(2), and we see that in this concrete case the statement of
Conjecture 3.1 is equivalent to the statement of Corollary 2.12.
The case g = 1 with CM. Let A = E be an elliptic curve with complex
multiplication by K and assume that K ⊆ F . Then the Zariski closure G1ℓ is
TK(Qℓ), where T
K = ResK/QGm is the two dimensional torus
15 defined by K.
Thus, extending scalars to C, we have
TK(Qℓ)⊗ι C = (Qℓ ⊗Q K)∗ ⊗ι C = C∗ × C∗.
Thus
G1,1ℓ,ι =
{(
z,
1
z
)
| z ∈ C∗
}
⊆ TK(C) .
The maximal compact subgroup of G1,1ℓ,ι ≃ C∗ is U(1), and thus ST(E) = U(1). We
see that in this particular case the statement of Conjecture 3.1 is equivalent to the
statement of Corollary 2.8. If F does not contain K, then ST(E) is the normalizer
of the embedded U(1) inside SU(2).
12Recall that the 0th Galois cohomology group H0(G,M) of a G-module M is the set of
invariant elements MG.
13Comparing with §2.4.1, the reader may find the discrepancy of a −1 exponent, introduced
by the choice of a geometric Frobenius. However, the corresponding equidistribution statements
are obviously equivalent.
14Note that the exterior power of ST(A, 1) makes sense, since ST(A, 1) is defined as a repre-
sentation of a Lie group, rather than just as a Lie group.
15Recall that for any commutative Q-algebra A, we have TK(A) = (A⊗Q K)
∗.
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Abelian variety A of dimension g with EndQ(A) = Z. If g is odd (or
if g = 2 or 6) and EndQ(A) = Z, a result of Serre shows that G
1,1
ℓ is Sp2g/Qℓ.
Thus ST(A) = USp(2g), and for g = 2 we have that Conjecture 3.1 reduces to
Conjecture 2.16.
3.4. The connection with the Mumford-Tate group. In this section, let Y =
A be an abelian variety of dimension n = g defined over the number field F . For a
field extension L/F , we will denote by AL the base change of A from F to L. Fix
an embedding F →֒ C. The 2g-dimensional real vector space H1(AC,R) is endowed
with a complex structure
h : C→ EndR(H1(AC,R)) ,
obtained by identifying H1(AC,R) with the tangent space of A at the identity.
Definition 3.3. i) The Mumford-Tate group MT(A) of A is the smallest algebraic
subgroup of GL(H1(AC,Q)) over Q such that G(R) contains h(C
∗).
ii) The Hodge group Hg(A) of A is defined as MT(A) ∩ Sp2g.
Deligne [Del82, I, Prop. 6.2] showed that for every prime ℓ the connected com-
ponent of G1ℓ (resp. of G
1,1
ℓ ) is contained in MT(A) ×Q Qℓ (resp. Hg(A) ×Q Qℓ).
Let us denote by G0 the connected component of a topological group G.
Conjecture 3.2 (Mumford-Tate). The inclusion (G1ℓ )
0 ⊆ MT(A) ×Q Qℓ is an
equality. Or equivalently, the inclusion (G1,1ℓ )
0 ⊆ Hg(A) ×Q Qℓ is an equality.
It follows that the Mumford-Tate group only accounts for the connected compo-
nent of the Sato-Tate group. The next conjecture (see [Ser77, C.3.3] and [BK14]),
which predicts the existence of an algebraic group that should account for the whole
group G1,1ℓ , may be seen as a refinement of the Mumford-Tate Conjecture.
Conjecture 3.3 (Algebraic Sato-Tate). There exists an algebraic subgroup AST(A)
of Sp2g/Q, called the Algebraic Sato-Tate group of A, such that for each prime ℓ,
G1,1ℓ = AST(A)×Q Qℓ.
When the Algebraic Sato-Tate Conjecture and Mumford-Tate Conjecture are
true, then one can obtain the Sato-Tate group ST(A) (resp. the identity connected
component ST(A)0) as a maximal compact subgroup of the group of complex points
of AST(A)×QC (resp. Hg(A)×QC). In particular, in this case, the Sato-Tate group
depends neither on the choice of a prime ℓ, nor on the choice of an embedding
ι : Qℓ →֒ C (we will come back to the Algebraic Sato-Tate Conjecture in §4.1).
3.5. Yet another example: Abelian varieties with complex multiplication.
Let A be an abelian variety of dimension g defined over the number field F . Suppose
that A has complex multiplication over F in the sense that End(AF )⊗Q contains a
number field E of degree 2g. We will follow the exposition of [Rib80] for Kubota’s
definition of the rank of a CM-type.
Fix an embedding of Q into C. Suppose that F/Q is a Galois extension and that
E ⊆ F ⊆ Q, and let
G := Gal(F/Q), H := Gal(F/E) .
We will use the convention that G acts on E on the right. We identify HomQ(E,C)
with H\G, and write c for complex conjugation16. The data (A/F,E) define a
CM-type S ⊆ HomQ(E,C), that is, a subset of H\G such that H\G is the disjoint
16In [FGL14, §4], the case F = E = K and G = (Z/ℓZ)∗ was considered. This section is a
straightforward generalization of that work.
16 FRANCESC FITE´
union of S and Sc. Denote by S˜ the set {g ∈ G |Hg ∈ S}. If we let R˜ be the set
S˜−1 of inverse elements of S˜, define
H ′ := {g ∈ G | gR˜ = R˜} .
The subfield K of F fixed by H ′ is called the reflex field of E. It is known to be
a CM field contained in F . Moreover, the image R of R˜ in H ′\G = Hom(K,C)
defines a CM-type of K.
Given an algebraic torus T , we will denote by X(T ) the right GQ-module
Hom(TQ,Gm,Q) ,
called the character group of T . For a number field L, let TL denote the torus
ResL/Q(Gm). Observe that X(T
L) may be identified with
⊕
σ∈HomQ(L,C) Z[σ]. It
is equivalent to give a homomorphism TK → TE than to give a homomorphism
X(TE)→ X(TK). Let
Φ: TK → TE
be the map, whose pull-back on character groups is given by
Φ∗ : X(TE)→ X(TK) , Φ∗([σ]) =
∑
r∈R
[r˜σ˜] , for σ ∈ HomQ(E,C) .
Here, σ˜ and r˜ denote prolongations to G of σ and r, and for g ∈ G we denote by [g]
the induced element in HomQ(K,C). Note that Φ
∗ is independent of the choices of
σ˜ and r˜. Let T0 denote the image of Φ. The rank of the CM-type S is defined as
the dimension of T0, or equivalently, as the rank of the Z-submodule Φ
∗(X(TE))
of X(TK). Consider the matrix
D := (i(σ, τ))σ∈R,τ∈S , where i(σ, τ) =
{
1 if σ˜τ˜−1 ∈ R˜,
0 if σ˜τ˜−1 6∈ R˜.
Here σ˜, τ˜ are prolongations to G of σ, τ . Let ν denote the rank of the matrix D.
Lemma 3.4 (Lemma 1, [Kub65]). The rank of S is equal to ν + 1.
Proof. Let D = (i(σ, τ))σ∈H′\G,τ∈H\G denote the matrix of Φ∗ in the basis S ∪ Sc
for H\G, and R ∪ Rc for H ′\G. Write U for the k × g matrix whose entries are
all ones, where g and k are integers such that [E : Q] = 2g and [K : Q] = 2k. We
obtain
D =
(
D U −D
U −D D
)
∼
(
D U −D
U U
)
∼
(
D U
U 2U
)
∼
(
D 0
U U
)
∼
(
D 0
0 U
)
,
where for the penultimate equivalence we have used that the column corresponding
to τ = 1 has only ones. 
Proposition 3.5. Let A be an absolutely simple abelian variety defined over a
number field F such that F/Q is Galois. Suppose that A has CM by a field E ⊆ F .
Let ν + 1 be the rank of the CM-type of A. Then the Sato-Tate group of A is
isomorphic to U(1)× ν. . . ×U(1) .
Proof. As in §3.1, let G1ℓ denote the Zariski closure of the image of the ℓ-adic
representation attached to A. On the one hand, the hypothesis that A is absolutely
simple and that E ⊆ F imply that G1ℓ is connected. On the other hand, since
the Mumford-Tate Conjecture is known to hold for CM abelian varieties (see for
example [Yu13]), we have that (the connected component of) G1ℓ coincides with
MT(A) × Qℓ for every prime ℓ. As explained in §3.4, we may then obtain ST(A)
as a maximal compact subgroup of the group of complex points of Hg(A) ×Q C.
By [Del82, Example 3.7], we have that MT(A) is T0, and therefore MT(A)(C) ≃
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C∗× ν+1. . . ×C∗. Thus, Hg(A)(C) ≃ C∗× ν. . . ×C∗ from which the proposition follows.

We now recall a fundamental result of the theory of Shimura and Taniyama for
abelian varieties with complex multiplication. [Shi98, Theorem 19.11] establishes
that there exists an algebraic Hecke charakter χ of F with values in E and infinity
type R˜ such that for every prime p at which A has good reduction
Lp(A, T ) =
∏
τ∈Hom(E,C)
(1− χτ (p)T )
(see for example [MY11, Theorem 9.1]). Here we are making use of a slightly more
general notion of algebraic Hecke character than the one used in (2.6). For an
integral ideal M of F , an algebraic Hecke character of F with values in E and
infinity type R˜ is a group homomorphism
χ : IM → E∗
such that
(3.1) χ(αOF ) =
∏
σ∈R˜
ασ for every α ∈ F ∗ with α ≡× 1 (mod M) .
Here IM denotes the group of fractional ideals of F coprime to M.
Theorem 3.6. Let A be an absolutely simple abelian variety defined over a number
field F such that F/Q is Galois. Suppose that A has CM by a field E ⊆ F . Then
the generalized Sato-Tate Conjecture holds for A. More explicitly, let {pi}i≥1 be
an ordering by norm of the primes at which A has good reduction. Let {τ1, . . . , τν}
be a subset of S ⊆ H\G = HomQ(E,C) such that (i(σ, τj))σ∈R,j=1,...,ν has rank ν.
Then the sequence{(
χτ1(pi)√
N(pi)
, . . . ,
χτν (pi)√
N(pi)
)}
i≥1
⊆ U(1)× ν. . . ×U(1) ≃ ST(A)
is equidistributed over U(1)× ν. . . ×U(1) with respect to the Haar measure.
Proof. The irreducible representations of U(1)× ν. . . ×U(1) are the characters
(3.2) φb1,...,bν : U(1)× ν. . . ×U(1)→ C∗, φb1,...,bν (z1, . . . , zν) =
ν∏
i=1
zbii ,
where b1, . . . , bν ∈ Z. By Theorem 2.3, it suffices to prove that for any b1, . . . , bν ∈
Z, not all of them zero, the L-function
∏
i≥1
(
1−
∏ν
j=1 χ
τj (pi)
bj
N(pi)
∑
ν
j=1
bj/2
N(pi)
−s
)−1
is holomorphic and nonvanishing for ℜ(s) ≥ 1. But, up to a finite number of local
Euler factors, this is just the L-function of the unitarized algebraic Hecke charakter
Ψ :=
∏ν
j=1 χ
τj (·)bj
N(·)
∑
ν
j=1
bj/2
.
By ‘unitarized’ we mean that it takes values in U(1) ⊆ C∗. By Theorem 2.4, the
L-function of a nontrivial unitarized algebraic Hecke charakter is holomorphic and
nonvanishing for ℜ(s) ≥ 1. Therefore, it only remains to prove that the Hecke
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charakter Ψ is nontrivial. Suppose that Ψ were trivial, and let B := b1+···+bν2 .
Then for every α ∈ K∗ such that α ≡× 1 (mod M) equation (3.1) implies
(3.3)
1 = Ψ(αOk) = α
∑
ν
j=1
bj
∑
σ∈R˜[στ˜j ]−
∑
σ∈G B[σ]
= α[F :K](
∑
ν
j=1 bjΦ
∗([τj ])−
∑
σ∈H′\G B[σ])
= α[F :K](
∑
σ∈H′\G
∑
ν
j=1
bji(σ,τj)[σ]−
∑
σ∈H′\GB[σ]) .
A well-known theorem of Artin states that the characters of a monoid in a field are
linearly independent. Viewing the elements σ ∈ H ′\G = Hom(K,C) as characters
of the monoid {α ∈ K∗ |α ≡× 1 (mod M)} in C, we deduce that for every σ ∈
H ′\G, we have ∑νj=1 bji(σ, τj) = B. In particular, for σ = 1, we have
B =
ν∑
j=1
bji(1, τj) =
ν∑
j=1
bj = 2B ,
from which we deduce that B = 0. This implies that
ν∑
j=1
bji(σ, τj) = 0 for every σ ∈ R,
which is a contradiction with the fact that (i(σ, τj))σ∈R,j=1,...,ν has rank ν, and
that not all of the bj ’s are zero. 
See [Joh13, Prop. 15] for a more general result valid for abelian varieties with
potential complex multiplication over a number field, that is, abelian varieties over a
number field adquiring complex multiplication after base change to a finite algebraic
extension.
4. Group-theoretic classification results
In this section we recall some results of [FKRS12] and [FKS12] concerning the
classification of Sato-Tate groups of certain families of selfdual motives with rational
coefficients and fixed values of weight and Hodge numbers. Serre [Ser95] has given
a more general construction of the Sato-Tate group (than the one seen in §3.1) that
applies to the context of motives. Moreover, Serre has listed a series of properties
that the Sato-Tate group should enjoy, assuming the validity of certain conjectures
from the motivic folklore (e.g. the Mumford-Tate Conjecture). These are the so-
called Sato-Tate axioms.
It is in this context that the problem of obtaining a group-theoretic classification
of Sato-Tate groups for selfdual motives with rational coefficients of fixed weight ω,
dimension m, and Hodge numbers hp,q arises.
More precisely, this problem consists on identifying groups obeying the following
axioms (as formulated in [FKRS12]):
(ST1) The group G is a closed subgroup of USp(m) (if ω is odd) or O(m) (if ω
is even).
(ST2) (Hodge condition) There exists a subgroup H of G, called a Hodge circle,
which is the image of a homomorphism θ : U(1) → G0 such that θ(u) has
eigenvalues up−q with multiplicity hp,q. Moreover, H can be chosen so that
the conjugates of H generate a dense subgroup of G0. Here, G0 stands for
the connected component of G.
(ST3) (Rationality condition) For each component C of G and each irreducible
character χ of GLm(C), the expected value∫
g∈C
χ(g)µ(g)
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of χ(γ) over γ ∈ C under the Haar measure of G is an integer.
Remark 4.1. Consider the tautological representation of GLm(C) on a complex vec-
tor space V ≃ Cm of dimension m. To test (ST3), we often take the representation
V ⊗ V ∗, where V ∗ denotes the contragredient representation of V . Let χ denote
the character of V ⊗ V ∗, and let µ denote the Haar measure of G. In this case∫
g∈G
χ(g)µ(g) =
∫
g∈G
Tr(g)Tr(gt)µ(g) =
∫
g∈G
|Tr(g)|2µ(g) = dim(HomC[G](V, V ))
is always an integer. It is the finer condition∫
g∈C
|Tr(g)|2µ(g) ∈ Z ,
where C is a connected component of G, that is actually a restrictive condition.
Remark 4.2. Observe that (ST1) and (ST3) do not necessarily hold if one considers
motives that are not selfdual or without rational coefficients. For example, let
f ∈ Sk(Γ0(M), ε) be a newform without complex multiplication. Note that in this
case one has
ω = k − 1, m = 2, hk−1,0 = h0,k−1 = 1 .
Then the Sato-Tate group of the motive associated to f is given by (2.11). Its com-
ponents do not necessarily have rational moments, and it is obviously not contained
in SU(2) = USp(2).
Remark 4.3. For fixed ω,m, hp,q, there are only finitely many groups G satisfying
(ST1), (ST2), (ST3) up to conjugation within USp(m) or O(m) (see [FKRS12,
Remark 3.3]). Note however, that if we ignore the hypothesis of selfduality or of
rationality of the coefficients, then for fixed ω,m, hp,q there may exist infinitely
many possibilities for the Sato-Tate group. Take for example fn ∈ Sk(Γ0(Mn), εn)
such that ord(εn) tends to ∞ with n.
For the case of weight ω = 1 and Hodge numbers h0,1 = h1,0 = 1, there are up
to conjugation only 3 different groups satisfying (ST1), (ST2), (ST3):
(4.1) U(1), NSU(2)(U(1)), SU(2) .
Here, by NSU(2)(U(1)), we mean the normalizer of{(
z 0
0 z
)
| z ∈ C∗, |z| = 1
}
inside SU(2). The classification has been carried out in two other nontrivial cases.
Theorem 4.1. [FKRS12, Thm. 1.2.] If (ST1), (ST2), (ST3) are true, then the
Sato-Tate group of a selfdual motive with rational coefficients of weight 1 and Hodge
numbers h0,1 = h1,0 = 2 is conjugate to one of 55 particular groups. The possible
connected components of these groups are:
U(1), SU(2), U(1)×U(1), U(1)× SU(2), SU(2)× SU(2), USp(4) .
The number of groups (up to conjugation) with each connected component is 32,
10, 8, 2, 2, 1, respectively.
The weight 1 classification of Theorem 4.1 turns out to be very similar to the
following weight 3 classification (which, in fact, turns out to be easier).
Theorem 4.2 ([FKS12]). If (ST1), (ST2), (ST3) are true, then the Sato-Tate
group of a selfdual motive with rational coefficients of weight 3 and Hodge numbers
h3,0 = h2,1 = h1,2 = h0,3 = 1 is conjugate to one of 26 particular groups. The
possible connected components of these groups are:
U(1), SU(2), U(1)× U(1), U(1)× SU(2), U(2), SU(2)× SU(2), USp(4) .
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The number of groups (up to conjugation) with each connected component is 10, 1,
8, 2, 2, 2, 1, respectively.
4.1. Classification results for abelian varieties with g ≤ 3. For A an abelian
variety defined over a number field F of dimension g ≤ 3, the Sato-Tate axioms are
known to hold. This is a consequence of the fact that strong results relating the
arithmetic of A and the Sato-Tate group are known, as we describe below.
Theorem 4.3. [FKRS12, Prop. 3.2] For the case of an abelian variety A defined
over a number field F of dimension g (weight ω = 1 and Hodge numbers h0,1 =
h1,0 = g) the Sato-Tate axioms (ST1), (ST2), (ST3) are true if A satisfies the
Algebraic Sato-Tate Conjecture and the Mumford-Tate Conjecture (see §3.4).
Sketch of proof. Loosely speaking, one should see (ST1) as a consequence of the
Weil Pairing, (ST2) as a consequence of the Mumford-Tate Conjecture and Hodge
Theory, and (ST3) as a consequence of the algebraicity of the Sato-Tate group. 
Theorem 4.4. [BK12, Thm. 6.1, Thm 6.10.] For an abelian variety A of dimen-
sion g ≤ 3 defined over a number field F , the Algebraic Sato-Tate Conjecture and
the Mumford-Tate Conjecture are true.
Sketch of proof. Consider the Twisted Lefschetz group of A, which is defined as the
union
TL(A) :=
⋃
τ∈GF
L(A, τ) ,
where
L(A, τ) := {γ ∈ Sp2g | γ−1αγ = τα for all α ∈ End(AQ)} .
Here one should see α as an element of End(H1(AC,Q)). There is an obvious
inclusion of G1,1ℓ in TL(A) ×Q Qℓ, but in general this inclusion can be strict, as it
happens with the famous Mumford examples17 in dimension g = 4 (see [Mum69]).
However, for g ≤ 3, building on much existing literature on Mumford-Tate groups,
Banaszak and Kedlaya can prove that G1,1ℓ = TL(A)×QQℓ, and thus Conjecture 3.3
holds with AST(A) = TL(A). 
As a consequence, for an abelian variety of dimension g ≤ 3, the Sato-Tate
axioms (ST1), (ST2), (ST3) are true. In our attemp to reach a classification of Sato-
Tate groups of abelian varieties of dimension g ≤ 3, we want to further investigate
the arithmetic of the abelian variety in terms of the Sato-Tate group. For this, we
introduce the notion of Galois endomorphism type of an abelian variety.
Definition 4.4. Consider pairs [G,E] in which G is a finite group and E is a finite-
dimensional R-algebra equipped with an action of G by R-algebra automorphisms.
An isomorphism between two such pairs [G,E] and [G′, E′] consists of an isomor-
phism G ≃ G′ of groups and an equivariant isomorphism E ≃ E′ of R-algebras.
For an abelian variety A defined over F , let K/F denote the minimal extension
over which all the endomorphisms of A are defined. The Galois endomorphism type
associated to A is the isomorphism class of the pair [Gal(K/F ),End(AK) ⊗ R].
Note that abelian varieties defined over different number fields may have the same
Galois endomorphism type.
The next result will be crucial for our classification.
Theorem 4.5. [FKRS12, Prop. 2.19] For an abelian variety A of dimension g ≤ 3
defined over a number field F , the Sato-Tate group uniquely determines the Galois
endomorphism type.
17Indeed, for such examples G1,1ℓ ( Sp2g/Qℓ and EndQ(A) = Z, from which it follows that
TL(A) = Sp2g/Q.
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Sketch of proof. The proof is built on the following well-known property of the
Hodge group
End(AC)⊗Q = End(H1(AC,Q))Hg(A)
(see [Rib83], for example). By the definition of K, and tensoring with C, we obtain
(4.2) End(AK)⊗ C = (End(H1(AC,Q))⊗ C)ST(A)
0
,
since ST(A)0 is a maximal compact subgroup of Hg(A). The proof of Theorem 4.4
yields an isomorphism Gal(K/F ) ≃ ST(A)/ST(A)0. We can thus recover the action
of Gal(K/F ) on the left hand side of (4.2) by means of the action of ST(A) on the
right hand side of (4.2). To recover End(AC) ⊗ R, note that this is the unique
R-subspace of End(AK) ⊗ C of half the dimension over which the real part of the
Rosati form is positive definite18. 
Theorem 4.6 (g=1). The Sato-Tate group and the Galois endomorphism type of
an elliptic curve E defined over a number field F uniquely determine each other.
They are restricted to a list of 3 possibilities, each of which occurs for a particular
choice of E and F .
Proof. One implication is given by Theorem 4.5. Moreover, the proof of that the-
orem is effective, i.e. from the Sato-Tate group one can compute the Galois endo-
morphism type. The 3 Sato-Tate groups
U(1), NSU(2)(U(1)), SU(2)
listed in (4.1) give rise to the 3 following Galois endomorphism types
[C1,C], [C2,C], [C1,R] .
Here, C1 denotes the trivial group, and C2 is the group of 2 elements. These Galois
endomorphism types respectively correspond to an elliptic curve defined over F
with CM defined over F , to an elliptic curve with CM but not defined over F , and
to an elliptic curve without complex multiplication. 
Theorem 4.7 (g=2). [FKRS12, Thm. 4.3] The Sato-Tate group and the Galois
endomorphism type of an abelian surface A defined over a number field F uniquely
determine each other. They are restricted to a list of 52 possibilities, each of which
occurs for a particular choice of A and F .
Sketch of proof. As before, one implication is given by Theorem 4.5. Combining
Theorem 4.1, Theorem 4.3, and Theorem 4.4, we obtain a list 55 putative Sato-
Tate groups. Making effective the proof of Theorem 4.5, from the 55 putative
Sato-Tate groups, one obtains 55 different putative Galois endomorphism types
(see [FKRS12, Table 8]). For 52 of these putative Galois endomorphism types one
finds abelian surfaces realizing them (see [FKRS12, Table 11]; in fact, one can find
genus 2 curves19 whose Jacobians realize the Galois endomorphism types). The
remaining 3 Galois endomorphism types correspond to structures of endomorphism
algebras of abelian varieties that were showed not to exist in the work of Shimura
(see [FKRS12, §4.4]). 
18Let φ : A→ Aˆ be a polarization on A. The Rosati form is defined in the following way
fR : End(AK)⊗ C→ C , fR(ψ) = Tr(ψ ◦ ψ
′;H1(AC,Q)) ,
where ′ denotes the Rosati involution, that is, ψ′ := φ−1 ◦ ψˆ ◦ φ.
19Numerical tests of the Sato-Tate Conjecture have been performed for these 52 genus 2 curves.
To visualize the matching between the numerical tests and the theoretical predictions see the
animations at http://math.mit.edu/~drew.
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Remark 4.5. Not all possibilities of Theorem 4.6 and Theorem 4.7 arise when we fix
the ground field F . For example, only 2 Sato-Tate groups arise for elliptic curves
defined over Q, and the Sato-Tate group of an abelian surface defined over Q is
restricted to a list of 34 possibilities, all of which can occur for a particular choice
of A/Q (see [FKRS12, Thm. 4.3]).
At the moment, we lack of a theorem of the style of the two previous ones for
g = 3. A preliminary computation has shown, however, that several hundreds
of Sato-Tate groups and Galois endomorphism types arise in dimension 3. We
finish by mentioning some results establishing the validity of the conjecture in
some particular cases.
Remark 4.6 (g=2). Among the 34 Galois endomorphism types that arise for F =
Q, 18 correspond to abelian surfaces A/Q such that End(A) strictly contains Z (this
happens if and only if either A is isogenous over Q to the square of an elliptic curve
or if A is of GL2−type). Building on the description given by Ribet [Rib92] of the
Tate module of an abelian variety of GL2−type, J. Gonza´lez [Gon14] has proved
equidistribution of the normalized local factors in 15 of these 18 cases. Among the 34
Sato-Tate groups that arise over Q, 18 have connected component isomorphic to
U(1). Each of these groups can be achieved by considering the Jacobian of a twist
of either y2 = x5 − x or y2 = x6 + 1. For such Jacobians the Sato-Tate Conjecture
is known to hold (see [FS14]). We note that not all such Jacobians are of GL2-type,
and therefore not all these cases are covered by [Gon14]. Recently C. Johansson
[Joh13] has proved that the Sato-Tate Conjecture holds true for many nongeneric20
cases of abelian surfaces.
Remark 4.7 (g ≥ 3). The Sato-Tate Conjecture has been proved to hold for Jaco-
bians of twists of the Fermat and the Klein curves (see [FLS14]). These are curves
of genus 3. One obtains 48 different distributions when considering twists of the
Fermat curve, and 22 when considering twists of the Klein curve. In [FGL14],
the Frobenius distributions and Sato-Tate groups of non-degenerate quotients of
Fermat curves of prime exponent are computed (the Jacobians of such curves are
abelian varieties with complex multiplication of arbitrarily large dimension).
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